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THE CONSTRUCTION OF ROTATION SURFACES




(dedicated to Prof. Tominosuke Otsuki)
Abstract. A family of S1-equivariant hypersurfaces of constant
mean curvature can be obtained by using the Lagrangians with
suitable potentials in the unit 3-sphere equipped with a certain
parameterized metric. The conservation law is e¤ectively applied to
the construction of S1-equivariant hypersurfaces of constant mean
curvature.
1. Introduction
W.-Y. Hsiang [6] investigated the rotation hypersurfaces of constant mean
curvature in the hyperbolic or spherical n-space. In [2], Eells and Ratto have
constructed the rotation (S1-equivariant) minimal hypersurfaces in the unit
3-sphere with standard metric by using a certain ﬁrst integral, which is invariant
with respect to the rotation angle of generating curves on the orbit space. It is
cleared that the ﬁrst integral (conserved quantity) can be obtained by using the
Lagrangian of the corresponding dynamical system with respect to the Hsiang-
Lawson metric [6] [7] on the orbit space via the Hamilton’s equation when we
consider the rotation angle of generating curves as ‘‘time’’. We should remark
that the corresponding Lagrangian has the vanishing potential when we construct
the rotation minimal hypersurfaces. However, in case that we construct the
rotation non-minimal CMC-hypersurface in the unit 3-sphere, the potential of
the Lagrangian is a nonvanishing function. In the section 4, we determine the
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potential function of the Lagrangian which corresponds to the rotation CMC-
surfaces immersed in the unit 3-sphere. As a result we can see that the cor-
responding potential depends on the constant mean curvature itself (Theorem
4.3). In Appendix, we ﬁnd the Lagrangians which correspond to the rotation
CMC-surfaces of variable curvature such as the unduloid and nodoid immersed
in the 3-dimensional Euclidean space.
2. Preliminaries
Let ga;b be a generalized inner product on the unit 3-sphere S
3HC C
deﬁned by
ðga;bÞzðv;wÞ ¼ ahv;wiþ bhv; izihw; izi;
where v ¼ ðv1; v2Þ, w ¼ ðw1;w2Þ A TzS3 and hv;wi ¼ <ðv1w1 þ v2w2Þ. We assume
that a and b denote positive and nonnegative parameters, respectively. The
Cartan hypersurface SOð3Þ=Z2  Z2 in the unit 4-sphere is covered by S3 (via an
8-fold covering), whose metric is rescaled along the Hopf ﬁbres and its metric on
S3 coincides with g4;12 (a ¼ 4, b ¼ 12) [5] [9]. The family of metrics ga;b deﬁned
on S3 contains this one as a special case.
Here we summarize the notations which are used in the paper.
X denotes the orbit space by ga;b-isometric S
1-action rt : S
3 ! S3 as follows.
rtðzÞ ¼ ðz1; eitz2Þ; z ¼ ðz1; z2Þ:
As the parametrization of X we use the following map:
ðy; fÞ ! ðeif cos y; sin yÞ; 0a fa 2p; 0a ya p
2
:
ha;b :¼ ðha;bÞ1 dy2 þ ðha;bÞ2 df2 stands for the orbital metric on X  ¼
XnðqX U fpolegÞ and
ðha;bÞ1 ¼ a; ðha;bÞ2 ¼
aðaþ bÞ cos2 y
aþ b sin2 y :
V ¼ 2p sin y
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ b sin2 y
q
is the volume function of orbits and h^a;b ¼ V 2ha;b
is the Hsiang-Lawson metric on X .
g : JHR! ðX ; ha;bÞ denotes a curve parametrized by arclength s. And also
tðgÞ :¼ ‘ _g _g and t^ðgÞ :¼ ‘^ _g _g stand for the tension ﬁelds of g with respect to the
metrics ha;b and h^a;b, respectively. The geodesic curvature kðgÞ at gðsÞ is deﬁned
by kðgÞ :¼ ha;bðtðgÞ; hÞ where h denotes the unit normal vector ﬁeld to g.
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3. S1-Equivariant CMC-Immersion
For a curve g : J ! X , we consider an S1-equivariant map m : M ¼
g1ððS3; ga;bÞÞ ! ðS3; ga;bÞ such that g  p ¼ s  m, where p : M ! J and
s : ðS3; ga;bÞ ! X  are Riemannian submersions. Throughout the paper, we
assume that m is an S1-equivariant constant mean curvature H immersion. Then
we have
kðgÞ  hðlog VÞ ¼ 2H; ð1Þ
since
ha;bðtðgÞ; hÞ  hðlog VÞ ¼ ha;bðt^ðgÞ; hÞ:
On the orbit space ðX ; ha;bÞ, the velocity vector ﬁeld of a curve gðsÞ ¼
ðyðsÞ; fðsÞÞ is given by the following component functions.
y 0ðsÞ ¼ 1ﬃﬃﬃ
a
p cos lðsÞ; f 0ðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ b sin2 yðsÞ
q
sin lðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðaþ bÞp cos yðsÞ :
Lemma 3.1. The following formulas hold on ðX ; ha;bÞ.
hðsÞ ¼  1ﬃﬃﬃ
a




aþ b sin2 yðsÞ
q
cos lðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
















p ðsin lðsÞÞl 0ðsÞ þ ðaþ bÞ tan yðsÞ sin
2 lðsÞ





ðaþ bÞ sin yðsÞ sin lðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ













Then using the formula (1) we have the following di¤erential equation (4)
of generating curves which corresponds to the CMC-rotation hypersurfaces
immersed in ðS3; ga;bÞ, since using Lemma 3.1 the geodesic curvature kðgÞ is given
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by
kðgÞ ¼ l 0ðsÞ  ðaþ bÞ tan yðsÞ sin lðsÞﬃﬃﬃ
a
p ðaþ b sin2 yðsÞÞ ;
l 0ðsÞ þ 1ﬃﬃﬃ
a
p ðcot yðsÞ  tan yðsÞÞ sin lðsÞ  2H ¼ 0: ð4Þ
4. Conservation Laws
We consider a generating curve gðsÞ ¼ ðyðsÞ; fðsÞÞ on X  such that y ¼ yðfÞ
and f 0ðsÞ > 0. Then we can consider the space Xðy; yaÞ of motion with
ya¼ dy
df
and time f. Let L ¼Lðy; yaÞ be a Lagrangian on Xðy; yaÞ. Via the
Legendre transformation we have the Hamiltonian H on the phase space
Xðy; pÞ:
H ¼ yapL; p ¼ qL
qya
:
The conservation laws of our system imply the following.







where h^a;b is the Hsiang-Lawson metric on X












where the conserved quantity in the formula represents the Hamiltonian of our
system.
By means of the Hamilton’s equation (5), we shall determine the poten-
tial GðyÞ which corresponds to the CMC-rotation hypersurfaces immersed in
ðS3; ga;bÞ via the di¤erential equation (4) of generating curves on the orbit
space X .
The direct computation yields the following.
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Lemma 4.2. Assume that y and l are functions of f and dl
df
¼ l 0ðsÞ






q ¼ C l 0ðsÞ þ 2ﬃﬃﬃ
a




C ¼ 2aðaþ bÞp sin yðsÞ cos
2 yðsÞ cot lðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ b sin2 yðsÞ
q :
As a consequence, we have the following.
Theorem 4.3. On our system, the Lagrangian L and the Hamiltonian H
which correspond to the S1-equivariant CMC-H hypersurface immersed in










H ¼  ðh^a;bÞ2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðh^a;bÞ1ðyaÞ2 þ ðh^a;bÞ2










from which we obtain
d
dy
GðyÞ ¼  4Hpaðaþ bÞ sin yðsÞ cos
2 yðsÞ cot lðsÞf 0ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ








aþ b sin2 yðsÞ
q
tan lðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ bp cos yðsÞ ;
we can choose such as GðyÞ ¼ a ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃaþ bp pH cos 2y. r
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5. Generating Curves for CMC-H Rotation Hypersurfaces
Let gðsÞ ¼ ðyðsÞ; fðsÞÞ be a generating curve on X  such that y ¼ yðfÞ and
f 0ðsÞ > 0 with the arc length s. Then we set the following initial conditions:
y0 :¼ yð0Þ; fð0Þ ¼ 0; y 0ð0Þ ¼ 0; lð0Þ ¼ p
2
:
The Hamilton’s equation dH
df











pH cos 2yðsÞÞ ¼ 0;
from which we haveﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðaþ bÞ
p




































































Consequently we have the following
Lemma 5.1. Under the initial conditions for generating curves which corre-





¼ ðaþ bÞ sin






















aH 2 þ 1
p
Þ:
Assume that H is positive and su‰ciently small. Then we have 0 < ya;H <
p
4 ,










< 0 and there exists the value f1 of f such that yðfÞ ¼ yðfðsÞÞ decreases
strictly until f1 ¼ fðs1Þ, where the value of dydf equals to zero at f ¼ f1, and
yðfÞ ¼ yðfðsÞÞ takes a local minimum at f ¼ f1. In fact, if yðfÞ does not take a




s!þy yðsÞ ¼ a, lims!þy y
0ðsÞ ¼ 0, lim
s!þy lðsÞ ¼
p
2 . Then from the di¤erential
equation (4) of generating curves it follows that a ¼ ya;H . On the other hand we




¼ ðAðyÞ  1Þðaþ bÞ cos
2 y








Hðcos 2y0  cos 2yÞg2
:
The formula (7) implies lim
s!þy AðyðsÞÞ ¼ 1. Since H is su‰ciently small, this
yields
sinð2aþ BÞ ¼ sinð2y0 þ BÞ; cos B ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ





1þ aH 2p :
Moreover, we see that 2ya;H þ B ¼ p2 . Since ya;H ¼ a, by using the formula
above, we have a ¼ y0, which is a contradiction.
Thus we can continue y ¼ yðfðsÞÞ as the curve satisfying the di¤erential
equation (4) by the reﬂection. Let Fa;b;H be the right hand side of (7). We can
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Consequently we have the following.





HÞ. If p=Wa;b;H is a rational number, then the corresponding ro-
tation hypersurface is an immersed CMC-H torus in ðS3; ga;bÞ. In particular, if
p=Wa;b;H is an integer, then this CMC-H torus is embedded.





corresponding rotation hypersurface with CMC-H is an extended Cli¤ord
torus
S1ðrðy0ÞÞ  S1ðRðy0ÞÞ
in ðS3; ga;bÞ, where
rðy0Þ ¼ cos y0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ b cos2 y0
p
; Rðy0Þ ¼ sin y0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aþ b sin2 y0
q
:













We consider the rotation surfaces in R3. Let S be a rotation surface and
gðsÞ ¼ ðfðsÞ; yðsÞÞ be its generating curve on ðf; yÞ-plane, where s stands for the
arc length and yðsÞ is positive. Let H ¼ HðsÞ be the mean curvature of S. Then
we have the following fundamental formula [8]:
f 0y 00  f 00y 0  f
0
y
þ 2H ¼ 0: ð8Þ
Let ya denote dy=df. Then we have
yaa¼ ðyaÞa¼ y
00f 0  y 0f 00
ðf 0Þ3 : ð9Þ
We consider the space Lðy; yaÞ of motion with time f and give a Lagrangian




þ GðyÞ, where GðyÞ is a potential function. Then





















00f 0  y 0f 00Þ
ððf 0Þ2 þ ðy 0Þ2Þ3=2
 f
0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðf 0Þ2 þ ðy 0Þ2
q ¼ yðy 00f 0  y 0f 00Þ  f 0: ð11Þ
The formulas (8) and (11) yield the following.
Theorem. The following Lagrangian LH is corresponding to some CMC-H















Hy2 ðH0 0Þ corresponds to the unduloid and nodoid. Thus LH
is a Lagrangian which corresponds to the Delaunay surfaces of variable curvature
[1], [8].
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